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ABSTRACT 

It is known that every compact simple Lie group admits a bi-invariant homogeneous 
Einstein metric. In this paper we use two ansatz to probe the existence of additional 
inequivalent Einstein metrics on the Lie group SU (n) for arbitrary n. We provide an 
expHcit construction of (2A;+1) inequivalent Einstein metrics on SU {2k) and 2k inequivalent 
Einstein metrics on SU {2k + 1). 
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1 Introduction 



The Einstein equation R^i, = Xg^u, which defines an Einstein metric, constrains the Ricci 
and through it the Riemann curvature tensor. In general in d dimensions the Ricci tensor has 
^d{d + 1) algebraicaUy independent components while the Riemann Curvature Tensor has 
— 1) algebraicaUy independent components [öj. So as d increases fewer constraints 
are placed on the curvature of the metric. In fact for d > 4 the number of independent 
components of the Ricci tensor is less than that of the Riemann tensor and the gap widens 
as d increases. 

These considerations leads one to expect that as the number of dimensions d increases 
the number of (inequivalent) Einstein metrics should also increase [Ij. In this paper we 
search for some of these increasing number of Einstein metrics on SU{n) group manifolds. 

The number of independent components of an nxn unitary matrix with unit-determinant 
are — 1 which means that the Lie group SU{n) and its associated manifold has dimen- 
sion d = "n? — 1. Consequently the number of possible Einstein metrics on the SU{n) group 
manifold increases rapidly with increasing n. 

1.1 Construction of metrics 

We choose to work with the vielbiens da (1-forms) coupled with a metric gab (with constant 
components that do not vary with the parameters of the Lie- Algebra) [2j. Given a Lie group 
G with generators Ta, if 5 G G then the left-invariant 1-forms a"" are given by 

g-^dg = a''Ta. (1.1) 

The general metric on the group manifold written in terms of the 1-forms is p] 

ds^ = gabCT''a\ (1.2) 

With the 1-forms ct° defined, our task is to find metrics gab such that the metric ds^ (as 
defined in p.2p ) is Einstein. 
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1.2 Additional Einstein metrics 



Every simply compact Lie group admits a bi-invariant metric of the form tr{g ^dg)'^ which 
in a suitable choice of basis for the generators Ta can be expressed as 

ds2 = c^Va, (1.3) 

where c is a constant [1]. This corresponds to gab = cöab- 

D'Atri and Ziller [3] have shown that every simple compact Lie group, with the exception 
of SU (2) and 5*0 (3), admits at least one additional homogeneous Einsten metric. These 
additional Einstein metrics, though not bi-invariant, are still invariant under the transitive 
G action (we have chosen to preserve the füll Gl) [I]. 

In particular cases, homogeneous Einstien metrics have been shown to exist in addition 
to the bi-invariant and D'Atri and Ziller cases. Six inequivalent homogeneous Einstein 
metrics have been found explicitly for the exceptional group G2 [1]; (3A; — 4) and {3k — 3) 
inequivalent Einstein metrics on SO{2k) and SO{2k + l) respectively [1], and a considerable 
body of work in part concerning Einstein metrics on SO{n), Sp{n) [7][8][9]p!Ü][ll|. These 
successes motivate the search for additional inequivalent Einstein metrics on SU{n). 

1.3 Inequivalence of Einstein metrics 

When searching for new Einstein metrics one must determine whether a newly found candi- 
date is truly "new" or if it is equivalent to an already known metric, possibly by a change of 
basis. A Standard technique for evaluating this possibility is to calculate some dimensionless 
invariant quantity which is constructed from the metric and its curvature. We choose to 
use [T][4] : 

h = Rabcd R^^'^ = |Riem|2 A'^ (1.4) 

where Rab = >^gab- 

For any two Einstein metrics one calculates the value of the invariant. If the calculated 
values are unequal then the two Einstein metrics are clearly inequivalent. If the calculated 
values are equal the two metrics are likely equivalent but more investigation is required to 
prove it conclusively. [1]. 
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2 Metrics on SU{n) 



We choose to construct and manipulate the metrics on SU{n) using the left-invariant 1- 
forms La^ where 1 < A < n. These have the property La^'^ = Lb^ and obey the algebra 

m 

dLA^ = i La^^ A Lc^ . (2.1) 

The total number of possible metrics is large given the freedom to construct the 1- 
forms er'* (from the La^) as well as the metric gab- In our search for Einstein metrics on 
SU{n) we choose to study certain classes of ansatz. These take the form of schemes for the 
construction of hermitian traceless 1-forms from the La^ as weh as particular choices for 
the metric gab- 



2.1 Scheme 1 

2.1.1 The Generators 

The scheme consists of the construction of — 1 traceless Hermitian 1-forms Ki from the 
La^ - Let m = n(n — l)/2. We begin by constructing n(n — l)/2 "traceless Hermitian" 
1-forms of the form 

Ki = La^ + Lb^ (2.2) 

where A B, for example Ki = Li^ + L2^. The next n(n — l)/2 1-forms will be taken to 
be 

K^+i = i {La^ - Lb^) (2.3) 

where A ^ B. 

Since the 1-forms are obtained by taking linear combinations of the La^ one can 
describe the construction in the language of matrices. Let / be the vector with entries 
Ii = Li and k have entries ki = K2m+i for 1 < i <n therjl : 

Ä; = P Q r (2.4) 

'^Note that the last Ki so defined is K„2 which is not a 1-form of SU{n) and has non-zero trace to boot 
(it corresponds to the unit matrix, that is the generator of u(l)). 



4 



where 



Vn-l ^) n~l n-1 



2 

n-1 



2 
n-1 



^ n— 1 



n-1 



2 

n-1 

2 

n-1 



2 

n-1 



n-1 '^n-l ^) " 



(2.5) 



Q 



1 

1 

VE 



-1 

1 

V6 







^ ^ 



1 



1 

v^n 






1 

7^ I 



This construction, in particular the form of the matrix P was chosen to keep the K2m+i 
on a Symmetrie footing with respeet to the Lj*. The need for symmetry arises from the 
consideration of the number of metric constants in our calculations. If we are able to place 
multiple 1-forms on a Symmetrie footing, in essence choosing to deal with entire subspaces 
as opposed to individual 1-forms, we can assign the same metric constant to them. This 
will reduce the number of metric constants in our calculations reducing the computational 
complexity of the problem. 

2.1.2 The Metric 

If we dehne m = "^"„""^^ and use the definitions of Ki in (|2.2p through (j2.5p the metric that 



constitutes the ansatz for scheme 1 is given by 

m 2m 



(2.6) 



i=l j=?n+l i=2m+l 

With this construction the task of finding an Einstein metric is reduced to finding the values 
of the three constants Xj for which the metric defined above is Einstein. 

2.1.3 Solutions 



We implemented the calculational algorithm using a Computer program, and analyzed the 
results to motivate an analytical Solution. The Einstein equation led to a System of three 
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unique simultaneous equations in 4 variables, the three equations corresponding to the three 
classes of generators and metric constants. These equations are valid for n >2. 

n n — 2 X2 ^ 1 xf 1 X3 1x2 ^ 
4 8 xi 4x2X3 4x2 4x3 

n + 6 n - 2 x| 1 x| 1 X3 1 xi 

~^ + ~rH 2+7 7 7~ = ^^2 (2.7) 

lö lo x| 4x1X3 4xi 4x3 

5(2-^-^^ + ^) = Ax3 

8 Xi X2 X1X2 

We choose to normalize the metric constants by setting X2 = 1. With this choice of 
normahzation we have the fohowing Solutions. 



The homogeneous bi-invariant metric (for n > 2): 



|Riem^ 



xi = X2 = X3 = 1 ~ 8 '^'''^2'' ' = "-^ - 1 

and the additional left-invariant metric (for n > 3): 

3n + 2 n(n-2)(5n + 6) 

^^ = "^ = ^7^ ^2 = 1 ^= 8(3n + 2)2 (2.9) 

with 

iRiem^l _ (2n2 + 3n + 2)(n - l)(3n + 4) 
n(5n + 6) 

Thus we have discovered two inequivalent homogeneous Einstein metrics for each value 
of n > 3 using the ansatz outlined in Scheme 1. 

2.2 Scheme 2 

The ansatz in scheme 2 is based on the decomposition methodology of [4j and [Ij. For n > 2 
and any < p < n we dehne q = n — p. We study the decomposition 

SU{p) X SU{q) C SU{p + q) (2.10) 



2.2.1 The Generators 

Once again our task, in the construction of this ansatz, is to construct 1-forms correspond- 
ing to traceless Hermitian generators from the 1-forms La^ ■ Using the decomposition 
methodology we split the generators in to four classes. 
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Class 1: 

Prom the LJ' where a, 6 € {1, 2, . . . ,p} we construct (p^ — 1) 1-forms according to 
the construction given in Scheine 1, that is we have 1-forms {lJ' + W) for a / 6, 

^^^2 1-forms i{La^ — Lf,"")) for a ^ b and {p — 1) 1-forms constructed from a "symmetric" 
mixing of the diagonal La"' as in (j2.4j) and (12.5p . 

Class 2: 

From the L^^ where a, /? G {p+l,p+2, • • • , n} we construct {q^ — \) 1-forms according 
to Scheme 1 and analogous to Class 1. 

Class 3: 

We construct 2p q 1-forms from the off-diagonal La^ {a G {1,2,- •• ,p} and ß G {p + 
l,p + 2, ■ ■ ■ , n)}) as follows 

(^a^ + V) i(L/-V) (2-11) 

Class 4: 

We end by mixing diagonal 1-forms from both SU{p) and SU{q). The Single 1-form in 
this class is 

p n 

^T.^-"-P 12 V (2-12) 

a=l ß=p+l 

2.2.2 The Metrie 

The metric associated with this scheme treats each class of generators (the subspaces) as a 
Unit and associates a Single metric constant to it. 

ds^ = xi J2 Yl K+^-i E K+^^Kl (2.13) 

iiGCi i2eC2 isGCS 

For classes 1 and 2 this corresponds to choosing the bi-invariant metric from Scheme 1. 

2.2.3 Solutions 

We implemented the calculational algorithm using a Computer program and analyzed the 
results to motivate an analytical Solution. The Einstein equation led to a system of four 
unique simultaneous equations in 5 metric constants, the 4 equations corresponding to the 
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four classes of generators and metric constants. These equations are valid for n > 2 and 
p > with q = n — p. 

p q xj 

8 + 8^ = ^"^ 



(2.14) 



8 + 84=^"^ 

P + q ip-l){p+l) xi (g-l)(g+l)x2 (p + qfxi 

— 8^ 8^ ^-^^^ = ^^^ 

pqjp + qf xl _ 

We choose to normalize the variables by setting x^ = \ which results in the following set of 
Solutions 

2 p + q n 

xi = l X2 = l X4 = — - — ■ — r A = — — = - (2.15) 

pq{p + q) 8 8 

This Solution for every decomposition SU (p) x SU (q) C SU (n) corresponds to the bi- 
invariant homogeneous Einstein Metric which we have already discovered in Scheme 1. The 
other set of Solutions is 



^ ^ pq{p + g) ± Vpqjp"^ - i)(g^ - i) ^ ^q^ 

qijp^ + pq + q^ - l) p 



(2.16) 



^ ^ 2p(p + q) + ((1 - p^) + (1 - q^)) ^_ q 

1 + pq lQp{p + q)^ 

The Solutions can be divided according to the decomposition being used. 
Gase 1 : q = 0, p = n 

This corresponds to Scheme 1 and gives two inequivalent metrics one of which is the 
bi-invariant one. 

Gase 2: q = l, p = n — 1 

Substituting g = 1 in ()2.16p gives us xi = 1, X4 = p(^p^i^ and A = which corresponds 
exactly to the first set of Solutions, equivalent to the bi-invariant metric. Thus the case q = 1 
gives US no new inequivalent metrics on SU{n). 

Gase 3 : g = p 
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Substituting q = p in (|2.16p makes the Solution for xi degenerate and so we get one 
inequivalent metric rather than the usual two. Note that this case is only possible if n is 
even. 

Case 4 : Everything Else 

If the values of p and q do not correspond to any of the earher cases we have the default 
Situation where (j2.15p results in the homogeneous bi-invariant metric and (j2.16p leads to 
two additional inequivalent metrics. Thus this case gener ates two additional inequivalent 
metrics. 

3 Conclusion 

Taking in to consideration the symmetry of Solutions under p and q exchange, the difference 
between even and odd n and the fact that q = 1 generates no additional metrics; a count of 
the Solutions from the two ansatz leads us to conclude that we can now provide an explicit 
construction of (2A;+1) inequivalent Einstein metrics on SU {2k) and 2k inequivalent Einstein 
metrics on SU{2k + 1). 

It is important to note that we have only tested two ausätze and with limited complexity 
at that. It is likely that although we have generated many new Einstein metrics, we have 
not exhausted the total number of possible inequivalent Einstein metrics on SU{n). 
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